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The Circle and Sin

eSin and other related functions are these days thought of in terms
of triangles. In India they were more closely associated with the circle.
In fact the Indian version of the sin was a quantity with the dimensions
of length.

eWe will follow the discussion in The Golden Age of Indian Math-
ematics by S. Parameswaran pub by Swadeshi Science in Kochi, India.

elmagine a circle of center O, andOS a line to a point on the cir-
cumference of the circle. Draw a perpendicular to OC intersecting the
circle at A and B. The chord AB intersects OS at M.

o The sanskrit word jya means chord. AB is called samasta-jya the
full-chord while AM is the ardha-jya, or half-chord. In practice the
ardha-jya appears much more often and by default jya came to mean
this half-chord. It is associated to the arc of the circle SA. Thus the
jya as well as the arc are lengths proportional to the radius of the circle.

e The radius is chosen for convenience.




eThe line MS is called the saram or ‘arrow’. The picture of a bow
and arrow with a chord stretching across is clear.

e The hypotenuse of a right triangle was called karna-literally, ‘ear’.
The other two sides are called bhuja-arm- and kods.

eThe length OM is also called koti-jya. It corresponds to cos.

e The chord is also often called jiva (Sanskrit names have cases and
have to adapted according to the context). For example, the formula
for the jya of the sum of two arcs is called jiveparasparanayaya.

eAryabhatta's work was famous in the Arab world. (Al-Biruni refers
to him as ‘Aryabhajos’.) In translations jiva became confused with the
Arab word jaib which means ‘fold” or ‘bay’. Arabic is written without
vowels and you have to know how to read the word from the context.

e Translations to Latin rendered jaib as sinus which mean fold. Then
sinus got abbreviated to sin. Along the way the radius was set to unity so
that sin became a dimensionless quantity; also the arc came to measured
in radians rather than degrees.

eSomething similar happened with 7. The Indian texts speak of the
circumference of a circle of a given radius, it being understood that the
circumference is proportional to the radius, which is then chosen for




convenience. It was Euler who introduced the now standard notation of
7 for the ratio of the circumference to the diameter.

eBhaskara gives a rational approximation to sin. It is equivalent to
the formula
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when x is in the first quadrant. The remaining cases can be brought to
this by the symmetries of the sin. The error is never worse than 0.01.

e To prove this, make the approximation that sin (with the angle ex-
pressed in degrees) is the ratio of two quadratic polynomials in the range
0 < x < 180 degrees. Use the symmetry £ — 180 — x of the sine to
see that it must have the form
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Then use the known values at x = 0,30,90 to determine the three
constants. (An overall constant cancels out.)




The Circumference of the Circle

elt has always been of great interest to geometers and astronomers
to relate the circumference of a circle to the its diameter.

e The basic method has been to inscribe or circumscribe a regular
polygon. The problem then is to find the side of the polygon as a
multiple of the diameter.

eApproximate formulae gc;gd enough for practical purposes had been

known for a long time-7 = £ is enough for most engineers.

eArchimedes of Syracuse (287-212 BCE) obtained the value 31} <

T < 3% considering by considering a regular polygon of 91 sides.

e The aaryabhatiiya (499 CE) gives a value accurate to four decimal
places: " The circumference of a circle of diameter 20,000 is 62832": or
T~ 3.1416.

eBhaskara (1114-1185(7) CE) says that the circumference of a circle
of diameter 1250 is 3927 by considering an inscribed regular polygon of
384 sides-correspond to 7 =/ 3.14155. Getting close!




e T hese days the value of 7 to a thousand decimals is just two clicks
away if you have Mathematica! 7 ~=

3.1415926535897932384626433832795028841971693993751058209749445923078164062862 08998628034825342117067982148086513282306647093844609550582231725359408128
174502841027019385211055596446229489549303819644288109756659334461284756482337 867831652712019091456485669234603486104543266482133936072602491412737245870066
063155881748815209209628292540917153643678925903600113305305488204665213841469 519415116094330572703657595919530921861173819326117931051185480744623799627495
673518857527248912279381830119491298336733624406566430860213949463952247371907 021798609437027705392171762931767523846748184676694051320005681271452635608277
857713427577896091736371787214684409012249534301465495853710507922796892589235 420199561121290219608640344181598136297747713099605187072113499999983729780499
510597317328160963185950244594553469083026425223082533446850352619311881710100 031378387528865875332083814206171776691473035982534904287554687311595628638823

53787593751957781857780532171226806613001927876611195909216420199




Chapter Six of the Yuktibhasha

eWhat is new with the Kerala school is a convergent infinite process
that can give the value of 7 to arbitrary accuracy. There were several
such processes known to this school, we will study in detail two of them,
explained in detail in the sixth chapter of the Yuktibhasha.

e T here are two different approaches to calculating the circumference.

e The first will give an algebraic recursion relation-involving a square
root- that converges to the exact value. In modern notation,

Atz — 1
To=1, Tyi = =~ 7 =4lim 2"z, (3)
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e [ he second method-really a succession of improvements- goes much
further. It starts as a way to avoid square roots in the calculation of the
circumference.

oA finite series-whose terms depend on the number of terms in the
series- is obtained which converges to the circumference as the number




of terms grows. Again in our notation,

N
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T =4 lim — E — (4)
e N n=1 1 + (%)
e\We can recognize the sum as tending to fol 1?_“;2.

e [ hen this series is re-expressed in a way that the terms don't depend
on the number of terms. Taking the limit this gives the fundamental
infinite series
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for the circumference of a circle of diameter D.
e [ he integral was discovered in this context!
eFormulae such as
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for powers up to four were known.
eThe key step was to realize that for large N (small steps in the
rectification of the circle)

Nk+1
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so that in the limit we can replace
Yk N
[N] Ykl (10)




Quotation from the Tantra-Sangraha

oOf course this modern notation was not used.

e The language is tortured in the Yuktibhasha as the arguments gets
harder and harder. The final result is quite simple and is expressed
in an elegant poem quoted from the Tantra-Sangraha (by Neelakanta
Somayagi, the result is attributed to Madhava though).

e vyaase vaaridhi-nihate ruupahrte vyaasasaagaraabhihate
thri-saradi-vishamasamkhyaa-bhaktam r.n.am svam pr.that kra-
maal karyaat

oK. V. Sharma'’s translation: " Multiply the diameter by four. Subtract
from it and add to it alternately the quotients obtained by dividing four
times the diameter to the odd numbers 3,5 etc. "

e This is not absolutely convergent series; even when summed in the
right order it is slowly converging. The commentator to the Yuktibhasha
shows that summing 27 terms gives a value accurate to one (!)decimal
place.




Estimates of Error

eOne can add corrections to the truncated sum which estimate the
terms omitted
eln the first direction there is
1 1 (n + 1)/2 ]
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eHere is an even better formula (also attributed to Madhava in the
Kriyakumari) for the correction to the finite sum:

(751)" +1

(55 4 (552 +1]

(12)




Convergent Series for the Circumference

eOr, we can look for new series that converge.
oA result of Madhava when translated to modern language is
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eExercise Prove this result by modern methods. Estimate the error
if this series is stopped at the nth term.

eMadhava derived using this the result that the circumference of a
circle of diameter 9 is 2827433388233. He also derived a way to convert
the radian to the degree.

e [ he Yuktibhasha also gives many rational approximations which have
no parallel in modern mathematics. They are based on continued frac-
tions and | have not been able to decipher them yet.




The Arctangent

oA poem of Madhava is quoted in the Yuktibhasha which gives the
arc of the circle in terms of the ratio of jya (sin) and the koti (cos).
(Remember that these quantities are proportional to the radius.)

eBased on a translation of K. V. Sharma: Multiply the jya by the
trijya and divide the product by the koti. Multiply this by the square
of the jya and divide by the square of the koti. We get a sequence of
further results by repeatedly multiplying by the square of the jya and
dividing by the square of the koti. Divide these in order by the odd
numbers 1,35 and so on. Add the odd terms and subtract the even
terms (preserving the order of the terms). This gives the dhanus (arc
literally, bow) of these jya and koti. Here the smaller of the two sides
should be taken as the jya as otherwise the result will be non-finite.

olf the jya is s and the koti is ¢ and the trijya (radius) is R, we have
(14)
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olf we put 2 = ¢ as the tangent and measure the arc in units of the
radius ( as we would in modern notation) this is the infinite series for

the arctangent:

1, 1 1
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Obtained a couple of centuries before Gregory after whom this series is
named!
eMadhava also obtained the infinite series for sin.
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