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ABSTRACT. We carry out the quantum double construction of the specific
quantum groups we constructed earlier, namely, the “quantum Heisenberg
group algebra” (A, A) and its dual (A, A) Our approach is by constructing a
suitable multiplicative unitary operator, retaining the C*-algebra framework
of locally compact quantum groups. We also discuss the dual of the quantum
double and the Haar weights on both of these double objects. Towards the
end, a construction of a (quasitriangular) “quantum universal R-matrix” is
given.

INTRODUCTION. The quantum double construction, which was originally in-
troduced by Drinfeld in the mid-80’s for (finite-dimensional) Hopf algebras [7], is
among the most celebrated methods of constructing non-commutative and non-
cocommutative Hopf algebras. Even in the case of an ordinary group, equivalently
for the algebra of (continuous) functions C(G), the quantum double construction
leads to an interesting crossed product algebra C(G) X, G, where « is the conju-
gation [20], [17].

We wish to carry out a similar construction in the framework of (C*-algebraic)
locally compact quantum groups. This is not totally a new endeavor: As early
as in [23], Podles and Woronowicz has constructed their example of a quantum
Lorentz group, by considering the quantum double of the compact quantum group
SU,(2); Baaj and Skandalis [1] have a version in the context of the multiplicative
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unitary operators; And more recently, Yamanouchi [28] has made this more sys-
tematic while Baaj and Vaes [2] consider a more generalized framework of double
crossed products.

On the other hand, as is the case for a lot of going-ons in the study of locally
compact quantum groups (especially for the non-compact ones), there have been
only a handful of work done on actual examples. In this paper, we make a modest
contribution by considering the case of the “quantum Heisenberg group algebra”
(A, A) and the “quantum Heisenberg group” (/1, A), which are the specific, mu-
tually dual non-compact quantum groups we obtained previously (See [9], [12],
[11].). As we pointed out in a separate paper [14], the examples (4, A) and (4, A)
are similar, but actually different from (and more general than) the earlier known
examples by Rieffel [24] and by Van Daele [26]. We will obtain here the quantum
double object of (4, A) and (A, A), and show that the quantum double is also a
valid locally compact quantum group.

In addition to finding a new example of a quantum group and enriching the
duality picture between (A, A) and (A, A), there are other merits of studying the
quantum double. An interesting point is that the quantum double is not just an
algebraic object, but also a nice non-commutative geometric object of study: Note
that since the quantum double is obtained as a generalized crossed product, it
can be considered as a kind of a “quantized space”, while being a quantum group
means it is also “group-like”. It will be an interesting future research project to
further explore how these two different flavors arise together in our example.

At present, the goal of this paper is to give an actual construction of the
quantum double, give a concrete realization as an operator algebra on a specific
Hilbert space, establish it as a C*-algebraic, locally compact quantum group in
the sense of Kustermans, Vaes [18], or of Masuda, Nakagami, Woronowicz [21].
Also constructed here are the dual object of the quantum double (again a locally
compact quantum group), and the “quantum universal R-matrix” type operator
for the quantum double.

Our construction method and techniques are strongly motivated by and are
based on the fundamental paper by Baaj and Skandalis [1]. Therefore, many of
the proofs are not genuinely new.

On the other hand, we note that the presentation given in [1], as well as the
ones in [28], [2], are somewhat less suitable for developing a rich connection with
the Poisson—Lie group theory. Our presentation is made hoping to improve this
situation. By explicitly working with a dense subalgebra of functions contained
in a C*-algebra, we make it much easier to establish a link between the quantum
(C*-algebra) setting and the classical (Poisson-Lie group) level.



QUANTUM DOUBLE CONSTRUCTION 3

The example we are studying may be considered a simple one from quantum
group theory point of view, but it is actually not so dull from quantization aspects
(Note that it comes from a certain non-linear Poisson bracket: See [9], [14].). The
results developed here will be helpful in our future work, where we plan to explore
the properties of the quantum double in relation to the Poisson geometric objects
like Lie bialgebras and dressing actions.

Here is how the paper is organized: In Section 1, we briefly summarize the
quantum double construction in the (finite-dimensional) Hopf algebra setting.
We generally follow Majid [20]. We will use this section as a guide for our main
construction in the C*-algebra framework.

In Section 2, we describe the specific quantum groups (4, A) and (A, A), re-
viewing the results from our previous papers. Since the multiplicative unitary
operators will play a central role in the later sections, we chose to give characteri-
zations of (A, A) and (A, A) as subalgebras in B(H), via a multiplicative unitary
operator Uy.

Our main construction of the quantum double D(A) = (Ap, Ap) is carried out
in Section 3. The definition is given in terms of multiplicative unitary operators,
but we provide justification that it is compatible with the definition in the purely
algebraic setting. Reflecting the fact that the quantum double construction is
closed in the category of “Kac algebras”, we note that the antipodal map Sp for
our example satisfies Sp? = Id. In Section 4, we look at the dual of the quantum
double (ZE, Z;) Here, ZB ~ A®A°P as a C*-algebra, but its coalgebra structure
is twisted.

In Section 5, discussion is given on Haar weights for both of the dual objects
(Z;,Z;) and (Ap,Ap). We see that (Z;,ZB) is unimodular, while (Ap, Ap)
is not. The existence of the legitimate Haar weights assures us that both are
(C*-algebraic) locally compact quantum groups.

In Section 6, we find an operator R in the multiplier algebra M (Ap ® Ap),
which can be considered as a “quantum universal R-matrix”. We only give its
construction here. Its possible applications to representation theory and its con-
nection with the Poisson structure at the classical limit level will be postponed
to a future occasion.

TERMINOLOGY. Let H be a Hilbert space. A unitary operator V € B(H ® H)
is said to be multiplicative, if it satisfies the “pentagon equation”:

ViaVigVas = VasVia (€ B(H® H ®@ H)).

Here, the notation Vj3 indicates that the operator V acts only on the first and
third copies of H, while letting the second copy unchanged. Similar comments
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hold for the others. For a systematic discussion on multiplicative unitary opera-
tors, see the paper by Baaj and Skandalis [1].

1. QUANTUM DOUBLE IN THE PURELY ALGEBRAIC FRAMEWORK

In this section, we will work only with finite-dimensional Hopf algebras. The
goal here is to collect some useful results from the purely algebraic setting, which
will guide us in our main construction at the level of (C*-algebraic) locally com-
pact quantum groups. Most of the results below are standard ones. See, for
instance, [7], [22], [4], [20], [15].

Given a (finite-dimensional) Hopf algebra B, the quantum double D(B) is a
certain “double crossed product” algebra, D(B) = B*°P? x B, where B*°P is same
as the dual Hopf algebra B* but equipped with the opposite multiplication. The
Hopf algebras B and B*°P? mutually act by (generalized) coadjoint actions. A
more precise description is given below.

Definition 1. (1) The (left) coadjoint action of B on B*°P is defined by
foo=AdH¢) = b (f, (Sow)d@))-

Similarly, we can define the coadjoint action < of B* on B, which we may
view as a right action of B*°P. That is,

fag=Ad;(f) = f{(Sfu)f@), o).

(2) The “quantum double” D(B) = B*°® x B is such that as a space it is
isomorphic to B* ® B, and is equipped with the multiplication:

(p2f)x(W@g):= Zsﬁ ‘op (f1) > %)) @ (f2) 9% 2))9,

and the tensor product comultiplication:
Ap(¢p® f) = Z¢(1) ® f1) @ d2) @ fra)-

In the above, we are using the standard Sweedler notation (See [22].). That
is, we write Af as Af = > f1) ® f(2), and by the coassociativity we have:
(A ®id)(Af) = ([d@A)ASf) = > fa) ® fi2) @ f3). Since we are considering
finite-dimensional algebras, ® denotes the algebraic tensor product. Meanwhile,
S is the antipode (co-inverse) and ( , ) is the dual pairing.

The verification of > and < being actions are not difficult, using the coasso-
ciativity and the property of the antipode map. As the name suggests, they are
generalizations of the coadjoint actions of groups (similar to taking conjugates).
The actions make B*°P as a B-module algebra, and B as a B*°P-module algebra.
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Moreover, (B*°P, B) forms a “matched pair” of Hopf algebras (in the sense of
Majid), from which the above definition of D(B) arises. See [19], [20] for details.

Remark. Instead of giving the definition of the quantum double in this way, we
could also formulate the definition in terms of a “skew-pairing” between the Hopf
algebras B and B*°P, which would be the more common approach. See [20], [15].
However, we chose to give our definition as in Definition 1 above, mainly to point
out prominently the two actions > and <.

We note also that above definition of D(B) is different from Drinfeld’s original
form [7], containing B and the “co-opposite dual” B*“°P. Ours is actually the one
proposed by Majid (Theorem 7.1.1 of [20]), which is easily shown to be equivalent
by using the antipode of B*. There are also several other (equally valid) versions.
Throughout this paper, due to reasons related with possible future applications,
our preferred version of the quantum double D(B) will be as in Definition 1.

It is well known that the quantum double construction leads to a “quasi-
triangular” Hopf algebra. In case of D(B) as defined here, its quasitriangular
structure is given by R = Y7, ¢/ @ f;, where {f;} is a basis for B and {7} its
dual basis.

Before we wrap up, let us briefly mention a special case, which will be a motivat-
ing model. Consider an ordinary finite group G. Let B = CG be the group algebra
of G, and B* = C(G) be the algebra of functions on G (note that B* = B*°P
for being commutative), with their natural Hopf algebra structures. Then D(B)
becomes the crossed product algebra C(G) x G, given by the conjugate action.
In the case of a locally compact group (not necessarily finite), this example was
studied by Koornwinder and Muller in [17], [16]. This is a rather simple situation,
but it has an interesting interpretation as an algebra of quantum observables of a
quantum system (in which a particle is constrained to move on conjugacy classes
in G). See Example 6.1.8 of [20]. Meanwhile, some genuine physical applica-
tions can be found in [6], [3], where the quantum double is used as a generalized
symmetry object.

2. THE QUANTUM HEISENBERG GROUP ALGEBRA (A, A) AND THE QUANTUM
HEISENBERG GROUP (4, A)

We now turn our attention to the C*-algebra setting. Specifically, let us con-
sider the non-compact quantum groups (A, A) and (A, A), which were constructed
in [9], [12], [11]. They are mutually dual locally compact quantum groups (in the
sense of [18] or [21]).
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As we saw in our previous papers, (A, A) is regarded as a “quantum Heisenberg
group algebra” (i.e. “quantized C*(H)"), while (4, A) is viewed as a “quantum
Heisenberg group” (i.e. “quantized Cy(H)”). Originally, they were obtained
by deformation quantization of the (mutually dual) pair of Poisson—Lie groups
(G, H), where H is the Heisenberg Lie group and G is its dual Poisson—Lie group
carrying a certain non-linear Poisson structure (See [9], for the description of the
non-linear Poisson bracket on G and the construction of (A, A) as its deformation
quantization.).

However, for the purpose of this article, we will de-emphasize the deformation
process or the role of Poisson geometry. Instead, our descriptions of (A, A) and
(A, A) will be given in terms of a multiplicative unitary operator Us. We will
postpone to a separate occasion the discussion of the relationships between the
Poisson-Lie groups G, H, D = G x H (described in [10], [13]) and the quantum
groups A, A, D(A) (to be constructed below).

Both C*-algebras A and A are realized as operator algebras contained in B (H).
Here the Hilbert space H is defined by L?(H/Z x H*/Z1), where H is the (2n+1)-
dimensional Heisenberg Lie group (considered naturally as a vector space); Z is
the center of H (which is a subspace of H); while H* is the dual vector space of H;
and Z+ C H* is the orthogonal complement of the subspace Z. This means that
H is the space of L2-functions in the (z,y, r) variables, where (z,y) € H/Z (= R?*")
and r € H*/Z*+(= R). By partial Fourier transform in the r variable, we have:
H = L?(H) as a Hilbert space.

Consider now the unitary operator Uy € B(H ® H), as defined in Proposi-
tion 3.1 of [9] (See also Proposition 2.2 of [12]):

Un&(z,y,ma’ /1) = (e ) e[ () Ble ™ w,y' — e y)]

/ / ! !
ez e My r+ria —e M ay —e My, r).

Note here that we are using a fairly standard notation of e(t) = €27, so &(t) =
e~2™ And f3(, ) is the usual inner product. On the other hand, we need some
explanation about the (fixed) constant A € R. It is the constant that determines

the aforementioned non-linear Poisson structure when A # 0 (See [9].). The
27

expression 7, (r) is defined such that ny(r) = ST, which reflects the non-
linear flavor (When A = 0, we take nx—o(r) = r which is linear.).

The unitary operator U, is multiplicative (satisfying the pentagon equation)
and is regular. Therefore, by following Baaj and Skandalis [1], we can define a
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pair of C*-bialgebras (A, A) and (A, A). First, we have:

A={(w®id)(Ua) 1w € B(H)*}” H,

where the L(w) = (w ® id)(Ua) are the “left slices” of Ua by the linear forms
w € B(H)..

For an alternative characterization of A, consider A, which is the space of
Schwartz functions in the (x,y,r) variables having compact support in r. There
is the following “regular representation” L of A, on B(H).

(Ls€)(wyr / @ 5.0 — &y — G r)e[mn (B, — )] did.

We have shown in [12] that A = L(A)” | This means that Ais a (norm dense) *-
subalgebra of A, and we can regard the functions f € A same as the operators L.
More specifically, the multiplication and the involution on A take the following
form (given by Lyxg = L¢Lg and Ly = (Lyf)*).

(2.1) (f xag)(x,y,r /f Z,9,m)g(x — &,y — §,r)e[n(r)B(Z,y — §)] didy,
f (:v,y,r) = e[nk(r)ﬁ(xvy)} f(_xv —y,r).

Meanwhile, the multiplicative unitary operator also defines the comultiplication
A:A— M(A®A). Fora € A, we define Aa by Aa = Us(a® 1)Us™. At the
level of functions in A, the equation A(Ly) = (L ® L)(ay) gives us the following:

(2.2) (Af) (@, y,r; 2’y r")
= [ £ el (N = )+ (€~ )] dpa

which is a Schwartz function having compact support in r and r’.
There is also the antipodal map S : A — A, defined by S(a) = Ja*J, where J
is the following involutive operator on H.

JE(x,y,r) = (M)"E(e Mz, Xy, —).

See Proposition 2.4 of [12]. Then S(Ly) = Lg(y) gives us the following:
(23) (S(f)) (LL', Y, ’I") = (62)\T)né[77>\ (’f‘)ﬁ((b, y)} f(_e)\r‘ru _ekTya —’f'),

at the level of functions in A.
Turning our focus to the dual object of (A, A), we now consider the “right
slices” of Ug. That is, let us now consider the C*-algebra A generated by the
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operators p(w) = (id @w)(Ua), for w € B(H).. We have:
(Nl

A={(i[dew)(Ua) : w € B(H).}

The comultiplication A : A — M(A® A) is given by Ab=U,*(1® b)Ua.

There is also an alternative characterization of A. For this, consider fl, which
is again the space of Schwartz functions in the (z,y,r) variables having compact
support in 7. Define the “regular representation” p of A on B(H), given by

(pof) (. y.1) = / () d(z, y, F)E(Na, Ny, 1 — 7) dF.

. —| .
We saw in [11] that A = p(A) . As before, we can regard the functions ¢ € A
same as the operators py, and A is considered as a dense *-subalgebra of A. On A,
the multiplication and the involution take the following form (via pexy = popuy

and pg- = (pg)").-
(2.4) (6 % 4 )(@,9,7) = / o(x,y, Fyo(N e, My, — i) dF,

¢"(2,y,1) = p(eMx, Xy, —r).
Meanwhile, we have the following description of the comultiplication, obtained
by the equation A(py) = (p ® p)(A4)-

(2.5)  (A)(m,y,m;2", 9,7

— /(;5(:1: +2y+y,Fe [nA(f)ﬂ(x, y/)] e [F(z + z’)] elzr + 2'r') didzdz’.

The antipode S:A— Ais given by S = Jb*J, where J is the operator on ‘H
defined by

JE(x,y,7) = e[m(r) Bz, y)] E(—z, —y. 7).
Then at the level of functions in A, the expression S (pg) = P3(e) gives us the
following;:

(26) (‘g(¢)) (ZE, Y, T) = é[nA (T)ﬂ(:t, y)] ¢(_6)\T$7 _e)\ry, _T)'

We have further shown in our previous papers that the two C*-bialgebras
(A, A) and (A, A) are indeed examples of non-compact, C*-algebraic quantum
groups (together with the necessary ingredients like Haar weights). They are
mutually dual objects in the framework of locally compact quantum groups. See
[12] and [11]. Since the square of the antipode map is identity for both of them
(which can be easily seen from the definitions of S and S given above), they are
cases of Kac C*-algebras (as in [25]).
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Unlike in the purely algebraic or finite-dimensional setting, no proper dual
pairing exists between A and A. However, at least at the level of the dense
subalgebras A and A, there does exist a suitable dual pairing, defined as follows:

(2.7) (f.6) = / F @y, Sz, My, —r) dadydr,

for f(= Ly) € A and ¢(= py) € A. See Proposition 3.1 of [11], which is just
an immediate consequence of Definition 1.3 of [1]. As we have shown in Proposi-
tion 3.1 of [11], this dual pairing satisfies all the necessary properties for it to be
considered as the correct analog of the pairing in the (purely algebraic) framework
of Hopf algebras.

Since we are planning to construct the quantum double, we also need to clarify
the “opposite” and “co-opposite” versions of (A4, A) and (A, A), again in the C*-
algebra framework. For this purpose, it is useful to know that we can form a
Kac system (in the sense of Baaj and Skandalis) from our multiplicative unitary
operator Ua. The following observation was made in Section 3 of [11].

Proposition 2.1. Let j € B(H) be defined by j = JJ = JJ, where J and J
are the anti-unitary operators as appeared in the definitions of the antipode maps.
Then j is an (involutive) unitary operator given by
]f(xa Y, T) = (eAT)né[n)\(T)ﬁ(xv y)]g(_eATIa _e)my, _T)'

Moreover, the triple (H,Ua, j) forms a “Kac system” (as in Section 6 of [1]). In
particular, the following unitary operators are all multiplicative:

Use M(A® A),

Ua=%G@1)Ua(j @ 1)E € M(A® AP),

Us=(j©@)Ua0 ©35) = (j © D(EUAR)(J ©1) € M(AP ® A),

Ua=Ua=(j®)Ualj ©3) € M(AP © A),
where ¥ denotes the flip.

Remark. The results may be checked by a direct computation (See Proposition 3.2
of [11].). But this proposition is really due to the properties of the (anti-unitary)
operators J and J. See also 6.11(d) of [1].

Using the multiplicative unitary operators U4 and its variations obtained in
the above proposition, we can define several different versions of the quantum
Heisenberg group algebra and the quantum Heisenberg group, in the form of
(AP, A), (A, A%P), (AP AP) as well as (AP, A), (A, AcP), (Ao Acop),
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For instance, (AOP,A) is determined by the multiplicative unitary operator

X = E@ >.. To be more precise, we have:

A? = {(idow)(X) :w e B(H)*}” g m” : (€ B(H)),

where X : A — B(H) is defined by

() () 1= / (N, Ny, 1 — P, y, 7) di.

Notice that AgAy = Ayxe, implementing the opposite multiplication. The comul-
tiplication, given by A% 3 b — X*(1 ® b)X € M(A @ A°P), stays the same
at the function level: That is, X*(1 ® Ag)X = (A ® A) a4, where A¢ is same
as in equation (2.5). The antipode also stays the same: S’()\¢) = A5(¢), as in
equation (2.6).

We only gave here one possible description of (AOP, A), since A°P is the one
we immediately need for the definition of our quantum double. But See Proposi-
tion 3.5 of [11] for the others.

3. THE QUANTUM DOUBLE

Since we know the expressions for various operations on A and A (the equations
(2.1), (2.2), (2.3), and (2.4), (2.5), (2.6)), as well as the expression for the dual
pairing between them given by equation (2.7), we can use Definition 1 to write
down the product on the quantum double, at the level of functions in A® A [the
algebraic tensor product, without any completion]. So we have:

(3.1)
(0@ /) x (W@g))(z y 2’y 1)
B / o a, Ny, = F)(x — ATE e VR y — D 4 eV )
elm(r)Be ™ ,1/) e [na(F) Bz, e )] e [ma (M8 Dz, y)]
el (r)B(E, 9)]e[m(F)B(e &, eV g e[m (BN Dz, e )]
F(@,9,7)g(a" — e N,y — e Ng,r") dedjdr.
Here, ¢, € A and f,g € A. Computation is rather long, but not really difficult.
However, for us to be able to define D(A) properly at the C*-algebra level, it

is again best to work with the multiplicative unitary operators. Since we wish to
construct an object that will be considered as containing (A, A) and its “opposite
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dual” (AOP, A), with some actions involved, let us define the following unitary
operator:

(32) Vp = Z12}/24ZT2X13 S B(H@H@H@H)

Here X = E@*Z is as defined in the previous section, ¥ = Y X*¥ = 17,\4, while
Z=Y*Y =YY" (We can see easily from Proposition 2.1 that Y € M (A ® A°P)

and Y € M(A° @ A). See also Corollary of Proposition 3.5 of [11].). The leg
numbering notation is as before.

Main motivation for our choice comes from Section 8 of [1], and the formulation
is essentially equivalent to the ones given in [28], [2] (though slightly different).
Roughly speaking, the operator X gives (AOP, A) (as we saw in Section 2), the
operator Y gives (A, A) (as in Proposition 3.5 of [11]), and the operator Z enables
us to encode the generalized coadjoint actions. See Proposition 3.2 below, which
comes after the following short lemma:

Lemma 3.1. For anya € A and b € fl"p, we have:
Z(a®b)Z*=Y"(a®Db)Y.

PRrROOF. The proof easily follows from the fact that Z = VY = }A/Y*, while

Y € M(A® A°P) and Y € M(A° @ A). Actually, the result will still hold if
a € M(A) and b e M(AP). O

Proposition 3.2. Let Z = Y*Y = YY* € B(H ® H) be the operator defined
above. Explicitly,

Z&(w,y,ma 1) = e[m (BN 2,y — My e[ (r)Bla — M ay)]
(e)\r)n 5(&6 _ e)\r/x/ + x’,y _ e)\r/yl + y/,T; €>\T{L’/, ekryl77_/)'
Let o : A — M(A®° @ A) and of : AP — M (AP @ A) be defined by
ala) :==XZ"(a®1)Z% and (b)) =XZ"1®0b)Z%.

Then « is a left coaction of (A,A) on the C*-algebra A°P, while ' is a right
coaction of (A°P,A) on A. That is, the maps a and o are non-degenerate *-
homomorphisms such that:

(A ®id)a = (id®a)a and  (Id®A)d = (o’ ®id)d/.
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PROOF. Let a € A. Then we have:

(id@a)a(a) = Y93 253512 215(a @ 1 @ 1) Z12312Z23 03
= 393Y23312Y12(a ® 1 ® 1)Y75512Y553003
= X35%23X15512(6 ® 1 @ 1)E12X12X23 X 03
= X5 X15(1®1®a)X13X03.
In the second equality, we are using Lemma 3.1. And ir} the third equality, we
use Y = XX*X. On the other hand, remembering that A(b) = X*(1® b)X, for
b € A°P we have:
(A ®id)a(a) = X523 75 (1 @ a ® 1) Z3 N3 X 12
= X{53X353%23(1 ® a ® 1)X23 X253 X12
= X[5X53(1®1®a)X23X12
= X33 X{3X1,(1 ®1® a)X12X13X03
= X33 X{3(1® 1 ® a)X13X0s.
We again used Lemma 3.1 and ¥ = X X*Y in the second equality above. In

the fourth equality, the multiplicativity of X (satisfying the pentagon equation:
X12X13X03 = Xo3X12) was used. In this way, we show that: (A ® id)a =

(id ®a)a.
To prove the condition for o/, we may use the fact that Aa = Y*(1 ® a)Y’, for
a € A (see Proposition 3.5 of [11]), and proceed similarly as above. O

Remark. The coactions o and o are essentially “coadjoint coactions”, which
(dually) correspond to the “coadjoint actions” given in Definition 1. Indeed, at
least at the level of functions in A and A, it is possible to show that:

(afa), f@¢)=(a,fr¢) and (' (b),f@¢)= (b, [<¢),
where a, f € Aand b, ¢ € A, while (, ) is the dual pairing given in equation (2.7).

In the ensuing paragraphs, we will show that the operator Vp as defined in
equation (3.2) is actually multiplicative, and make our case that the C*-bialgebra
it determines is exactly the quantum double D(A) we are looking for. In partic-
ular, we will see that the C*-algebra contains as a dense subalgebra A ® A, with
its product defined in equation (3.1).

The multiplicativity of Vp (i.e. satisfying the “pentagon equation”) could be
shown directly, but the computation will be rather long and tedious due to the
fact that we have to work with 18 variables. So we present here an alternative
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way, where the crucial point is that the operators X and Y give rise to a “matched
pair” (See Definition 8.13 of [1]) of Kac systems.

Lemma 3.3. Let the notation be as above.

(1) The triples (H,X,j) and (H,Y, ), together with the operator Z, form a
matched pair of Kac systems.

(2) The operator V := Z39X13Z12Ya4 is multiplicative.

(3) Z34V = Z34Z{3 X 1321204 = YouZ{9 X135 212 Z34.

PROOF. (1) is the result of Theorem 8.17 of [1], from which the multiplicativity
of V follows (By Definition 8.15 of [1], the operator V' determines the “Z-tensor
product” of the matched pair.). See also our Proposition 4.2 and Corollary 4.3 in
Section 4 below. Meanwhile, by Proposition 8.10 of [1], condition (2) is equivalent
to condition (3) (We can also check (3) directly from the definitions.). O

Corollary 3.4. The unitary operator Vp defined in (3.2) is multiplicative.

PROOF. By (3) of Lemma 3.3, we have: 212Z34VZ§4ZT2 = 2123/24Zik2X13 =Vp.
Re-writing this expression as Vp = (Z ® Z)V(Z* ® Z*) and noting that Z is
unitary, we see clearly that Vp is also a multiplicative unitary operator (by being
unitarily equivalent to V). O

By the general theory of multiplicative unitary operators [1], [27], the operator
Vp will let us define a C*-bialgebra, on which we build the necessary ingredients
for it to become a locally compact quantum group. Specifically, let us consider
the C*-bialgebra (Ap,Ap), which is generated by the “right slices” of Vp, as
follows:

Definition 2. Let Ap be the C*-algebra contained in B(H ® H), defined by

Il

Ap = {(i[d®id@Q)(Vp) : Q € B(Ho H).} .

Let us also define the comultiplication Ap : Ap — M(Ap ® Ap), by Ap(z) :=
Vp*(1®1®x)Vp, for x € Ap. It is a non-degenerate C*-homomorphism satisfying
the coassociativity condition: (Ap ® id)Ap = (Id®Ap)Ap. So Ap is a C*-
bialgebra. Moreover, Ap(Ap)(Ap ® 1) and Ap(Ap)(1 ® Ap) are dense subsets
in Ap ® Ap.

For the last statement (the density conditions), see Theorem 1.5 and Section 5
of [27] (It is a non-trivial result.). Our goal now is to show that (Ap,Ap) is
exactly the quantum double D(A), analogous to Definition 1. Let us first give a
more concrete C*-algebraic realization of Ap.
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Proposition 3.5. Let 7: A — B(H® M) and «’ : A — B(H ® H) be defined
by

m(a):=Z(1®a)Z* and 7'(b) = b® 1.
Then Ap is the C*-algebra generated by the operators w(a)w'(b), for a € A,
be Aop,

PRrROOF. For w,w’ € B(H)., we have:

(1d ®Rid Qw ® w')(VD) = (ld ®Rid Qw ® wl)(212Y'24Zf2X13)
=Z[1® (idew)(Y)]Z*[(idow)(X) ® 1] = 7(a)x’(b),

where ¢ = (Id®w’)(Y) and b = (id ®w)(X). This is valid, because by Proposi-
tion 3.5 (2) of [11] and by Section 6 (Appendix) of [12], we have: a = (id @w’)(Y) =
(id@w)(U4) € A and b = (id 9w)(X) = ([d®w)(XU4 ) € A°. In fact, the
operators (id @w')(Y), w’ € B(H)., generate A; while the operators (id @w)(X),
w € B(H)., generate A°P.

Since the operators (id ® id @w®w’)(Vp ) generate Ap (Definition 2), the result
of the proposition follows. O

Corollary 3.6. The maps m and ©' are C*-algebra homomorphisms. Namely,
m:A— M(Ap) and 7+ A" — M(Ap).

Remark. The corollary is obvious from the definitions of = and «’. Here, M (Ap)
denotes the multiplier algebra of Ap. Later, when we clarify the co-algebra
structure on Ap, they will actually become C*-bialgebra homomorphisms.

Proposition 3.7. Let I1: A© A — B(H ® H) be defined by

(¢ ® f):=7")m(Ls), forpe A feA

Then Ap = TI(A® A)H ”.

" —l
PROOF. We know from Section 2 that A = L(A)" ~ and A°® = A(A) . So this
result is an immediate consequence of Proposition 3.5, with the aid of the fact
that the C*-algebras are closed under involution. ([

We observe that II above determines a multiplication on Ao A, given by
(¢ ® (Y @ g) =1((¢ ® f) x (¢ ® g)), making A® A a (dense) subalgebra
of Ap. It turns out that the product obtained in this way exactly coincides with
the one given in (3.1). See below.
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Proposition 3.8. Let A® A be given the multiplication, as in (3.1). Then we
have:

¢ H(Yeg)=T((¢e f)x (¥ @g)),
for ¢, € A and f,g € A.

PRrROOF. For ¢ € A and ¢ € H®QH,
T (X)€@ y,msaly' ') = (A @ DE(a,y, 2y 1)
= /¢(e’\’:x, Ay, — ez, y, 72,y ) di
Whereas for f € Aand £ €e HQH,
(L), y,ria’ 1) = Z(0@ Ly) Z7¢(x,y,m 2’y 1)
() e (B Ty — e[ (B — el y)]
(1@ L) Z E(x — A v oy — ey oy e M, ey, )
= /(EM)n elm@)BEN ey — My elm(r)Blz — ol y)]
F@,3,me[m(r")B(E, ey — 7))
Z¢(@— N oy — ey oy e — E, ey — ) didj
= / @5, 7)e[na ()8 &, y)]e[na(r) B, e ) e[ (B~ E,y)]
e[ma(r)B(E, )] e[na(r)Ble &, e g)|e[ma(r) B & e g)]
= NE4 e N y— N NG+ e Ml — e N E Y — e N ) didi.
So we have:
(¢ ® flE(x,y,rsa’,y',r') = 7' (A)m(Lp)S (@, y,m 2’y 1)
= [ e,y = ) @5 e ()3 5]
e[m(F)B(x, e ) e[ (7F)B(eX i, y)]
elma ()&, §)] e[ma(F)B(e &, e g) e [ma (BN N E e V)]
E@—eNE4e N y— N NG+ e NG Fa — e N E Yy — e N ) dididr.

Using this and noting its resemblance to equation (3.1), we can see without trouble
that: II(¢ @ /)II( ® 9)¢ =H((¢ @ f) X (¥ @ g))&, for any £ € H @ H. O
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The involution on Ap is inherited from that of B(H ® H). At the level of the
subalgebra A ® A, it takes the following form:

(3.3) (p® ) (z,y,m2",9',7")
= (eP")f(—edra! —erry, e[ (r)B(z, y’)]é[n,\(r)ﬁ(e)‘r,x’, y)]
é[m (7‘/ N r)ﬁ(e)‘r:v', e”y')} é[m (r)ﬁ(e”l :C', y/)]

¢(6ATI _ e}\Tl+)\Tx/ + e)\rx/, e)\ry _ e)xr’Jr)\ry/ + e)\ry/7 —’I”).

To be more precise, the definition of (¢ ® f)* € A ® A above has been chosen so
that we have: II((¢ ® f)*) = [I(¢ ® f)]" = m(Lys)*n' (\g)*

Next, let us turn our attention to the co-algebra structure on Ap. As in
the previous proposition, we will see that at the level of functions in Ao A,
the comultiplication on Ap exactly coincides with the one on D(A), as given in
Definition 1.

Proposition 3.9. For ¢ € A and f €A, we have:
Ap(Il(¢ ® f)) = Ap(r'(A)m(Ly)) = [(n' © 7')(Ag)] [(m @ m)(Af)]
= (I® ) (Z 1) ® f1) @ p2) ® f(2)) :
ProoOF. Note that by Definition 2, we have:
Ap(r'(Ae)m(Ly)) = Vp" (1@ 1@ (As)m(Ly)) VD
= [Vp*(1@107'(\)) VD] VD" (1@ 1@ 7(Ly)) VD).
But by definition of Vp and by definition of 7/, we have:
Vp (1@ 1@’ (\s))Vp = X[3215Y51 215 (10 1 ® A @ 1) Z12Y2a 215 X3
=X510180 2 ®1)X3
= [M@N(Ag)],, = (' ©n')(Ag).
Similarly,
Vo (1@ 1@ a(Lf))Vp = X{3Z12Y54 212 [Z34(1 ® L§)34Z54] Z12Y24 215 X135
= Z19234Y5, Z35 X135 [(1 © Ly)] 3, X13Z12Y2a 235, 215
= Z12234Y5, [(1® 1@ 1® Ly)| Y2423, 23,
= Z12Z34[(L ® L)(Af)],, 25,21, = (r @ m)(Af).

In the second equality above, we used the result of Lemma 3.3 (3).
Combining these results, we prove the proposition. O
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Corollary 3.10. The maps ©: A — M(Ap) and n' : A°° — M(Ap), as defined
earlier, are C*-bialgebra homomorphisms.

PRrROOF. We already know from Corollary 3.6 earlier that = and 7’ are C*-algebra
homomorphisms. Meanwhile, from the proof of Proposition 3.9, we see that:
(r@m)oA=Apom and (7' @7')o A=Apor'. O

Propositions 3.7, 3.8, 3.9 support our assertion that (Ap, Ap) is indeed the C*-
algebraic analog of the quantum double D(A) = A°P x A, as given in Definition 1.
To continue with our construction, we next define the antipodal map Sp on Ap.

Lemma 3.11. With the notation as in Section 2, we have:
ZJoH)=JoNZ and Z(J@J)=(JJ)Z*".

Remark. The results of the lemma can be shown by a straightforward calculation.
Only the first result is immediately needed, but the second result will be useful
in Section 4.

Proposition 3.12. Let Jp be the involutive operator in B(H @ H) defined by
Jp:=J®J. Then let Sp: Ap — Ap by

Sp(x) = Tpa*Jp = (J )" (J & J).
In particular, if f € A and ¢ € A, we have:
Sp(M(¢® f)) = Sp (7' (Ae)m(Ly)) = 7(S(Ly))7 (S(Ng))-
This defines the “antipode” on Ap. Itis an anti-automorphism on Ap, satisfying:

Sp(Sp(x)*)" =2 and (Sp ® Sp)(Ap(x)) = Ap®™P(Sp(w)), for x € Ap. Here
Ap®P = x3Z4 0 Ap, where x denotes the flip.

PROOF. For f € Aand ¢ € A,
Sp (v Ae)m(Ly)) = (J @ J)(x'(As)m(Lg)) (J @ J)
= (J @ J)m(L")w' (A")(J @ J)
=(JRNZARLM)Z N @1)(J @ J)
=ZARJLFN)(J @ J)Z*(J @ J) (AT @1)
=Z(1@JLN)Z*(JN* T @1) = 7(S(Ls))7' (S(\g))-

In the fourth and fifth equalities, we used the result of Lemma 3.11. In the last
equality, we used the definitions of S and S , given in terms of J and J (See
Section 2.).
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By definition, it is easy to see that Sp is an anti-automorphism and also
that Sp (SD(x)*)* =z, for x € Ap. The last statement is also easy to verify,
remembering the corresponding properties of S and S. For instance, for f € A
and ¢ € A, we have:

(Sp @ Sp)(Ap(I(¢ @ f)))

= (Sp @ Sp)([(n" @ 7')(Ag)][(m @ m)(AS)])
=(memn)((S@s)AnN) ' @) (5o 8)(Ag)
= [(m@m) (AP(S(N))] [(«" ® ') (AP (5(¢)))]

= Ap“P(r(S(/)7'(9(6))) = Ap“P(Sp(Il(¢ @ [)))-
The third equality follows from the properties of S (in Proposition 2.4 of [12]) and
of S (in Proposition 2.4 of [11]). The fourth equality follows from Proposition 3.9.
(Il

For Sp to be correctly considered an antipode of (Ap, Ap), we further need the
notion of Haar weight clarified. This will be done later in this paper (in Section 5).
But for our immediate purposes, result of Proposition 3.12 is sufficient. In fact,
it is not difficult to show that the definition of Sp given above is equivalent to
the map,

Sp : ([d®id®Q)(Vp) — (id®id @Q)(Vp*),

for Q@ € B(H ® H).. The general theory assures us that once we establish the
existence of the Haar weight, this map actually characterizes the antipode (See
[1], [27], [18].).

According to the general theory of locally compact quantum groups [18], [21],
the antipode allows the “polar decomposition”. In our case, with Sp being an
anti-automorphism, its polar decomposition is trivial: That is, Sp = Rp (the
“unitary antipode”), and 7p = Id (the “scaling group”). These observations, in
addition to the fact that S D2 = Id, manifests that Ap is essentially a Kac C*-
algebra (in the sense of [25]). This is to be expected, since (4, A) and (A, A) are
also as such.

4. THE DUAL OF THE QUANTUM DOUBLE

In the previous section, we considered the quantum double (Ap, Ap), together
with its “antipode” Sp, all within the C*-algebra framework. The discussion on
its Haar weight (thereby establishing it as a locally compact quantum group) will
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be postponed until Section 5. In the present section, we will consider the dual
object of (Ap,Ap).

As we can expect from the way Ap was constructed in Definition 2 (via the
multiplicative unitary operator Vp), the dual object will be obtained by consid-
ering the “left slices” of Vp, as follows (See again, [1], [27].):

Definition 3. Let Ap be the C*-algebra contained in B(H ® H), defined by

A ={Qodeid)(h) QcBHaH).] .
In addition, define the comultiplication Z; : Z; — M(ZB ® 71;) by
Ap(y) =Vpy®1®1)Vp*,  forye Ap.

It is a non-degenerate C*-homomorphism satisfying the coassociativity condition:
(AD ®1d)AD = (ld ®AD)AD. As before, AD(AD)(AD ® 1) and AD(AD)(l ®AD)
are dense subsets in Ap ® Ap.

By the multiplicativity of Vp, we know that (ZE, Z;) is a C*-bialgebra, dual
to (Ap, Ap). Let us now find a more explicit realization of (Ap, Ap). The proof
is adapted from Proposition 8.14 of [1].

Proposition 4.1. As a C*-algebra, we have:

— — |

Ap ={(00ideid)(Ya(f©¢© 19 1)X13) : Qe BHOH).,f € A, ¢ € Aw}
=A® AP

PrOOF. Given Q € B(H ® H). and for arbitrary a € A, b € A°?, define Q €

B(H ® H). by Q := (1 ®b)Qa® 1)Z*. In particular, if Q = Q¢, (This is a

standard notation: Q¢ ,(T) = (T¢,n), for T € B(H®H) and {,n € H®H.), then

we will have: Q¢ ,(T) = ((a®1)Z*T(1®b)¢,n). With the new notation, we have:

(Q@ld@ld)( ) Q®ld®ld (Z12}/24Z12X13)
Q0ideid)((e®1®1©1)YuZHX13(10b0101))
Q®ideid)(Y21(a®1©1©1)21,(10b®1® 1)X13)

(
= (
= (
= ( Ya4212X13),

)
)
)
id)
where z = (a ® 1)Z*(1 ® b). Note that since Z* =YY |, with Y € M(A ® A°P)

and Y € M(A°" ® A) being clements of (two-sided) multiplier algebras, we sce
easily that z € A ® A°P. The first equality of the proposition follows.
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For the second part, recall first that ¥ = [7,\4 and X = E@*E. Then
by Proposition 3.5 (2) of [11], we have: A% = {lweid)(Y):we B(H)*}” :
and A = [@oi)(X) @ e BH).] . Since we have Y € M(A ® A°P) C
M(IC(H) ® AOP) and X € M(AOp ® A) C M(IC(H) ® A), we can see without

- I X
trouble that {(k®1)Y(¢®1): ¢ € AP,k € K(H)} = K(H) ® A°P, and sim-
I

ilarly that {(f®1)X(k®1): fe A ke K(H)} = K(H) ® A. Noting that
Yoau(f@o@101)X13=[Y(o®1)],,[(f®1)X] 13> We can show easily the second
equality and thus obtain: ZB = A® A°P. O

The proposition shows that in the case of Z;, by being just the (ordinary)
tensor product A ® AP, there is no “twisting” in the algebra structure (Recall
that in the case of Ap, it is the coalgebra structure that does not involve twisting.
See Definition 1 and Proposition 3.9.).

On the other hand, we see below that the comultiplication on ZB is equivalent
to a “r-tensor product”, where 7 is an “inversion”. Recall first the definition of
an inversion: See Definitions 8.1, 8.2 and Proposition 8.3 of [1] (See also [19].).

Definition 4. (1) Let (A,64) and (B,dp) be two C*-bialgebras. An inver-
sion on A and B is a *-isomorphism 7: A ® B — B ® A such that:

(T ®1d4)(ida ®7)(64 ® idp) = (idp ®a)T
and
(idp ®@7) (7 ®idp)(ida ®Ip) = (0p ®id4)T,

where we used the same notation 7 for its extension to the multiplier
algebra M (A ® B).

(2) Given an inversion 7 on (A,d4) and (B,dp), we can define the map 0, :
A® B — M(A® B® A® B) by

0 := (Ida @7 ®idp) (04 ® dp).
Then ¢, is coassociative. It is the comultiplication associated with 7.

In our case, we can show that the operator Z provides an inversion on (A, A®°P)
and (A°P, A°P) where AP and A°P are co-opposite comultiplications.

Proposition 4.2. The map 7 : p — X ZpZ*%, where 3 is the flip, is an “inver-
sion” on (A, A°P) and (A°P, A°°P).
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PROOF. Let p € A® A°P. Since Y = U, € M (A ® A°), it follows that Y*pY €
A ® A°P. Note also that pY = Yp, since ¥ € M (A° @ A). Therefore,

A~ A~k

T(p) = DZpZ*S = XY *VpY YS =SV pYS € AP @ A.

Since Z is a unitary operator, it is clear that 7 : A ® AP — AP © A is a
*-isomorphism.

To verify that 7 is an inversion, we note that A°P(a) = X(a ® 1)X*, for
a € A, and that A®P(b) = Y(b® 1)Y*, for b € A% (These are consequences of
Proposition 3.5 (2) of [11].). Indeed, we have:

(idp ®@7)(T ®idp)(ida ®dB)(p) = X23Yo3512Y15Y23(p12)Yo3Y12512Y23X03
= Yo3312Y15Y15Ya3(p12) Vo5 V1213512303
= Y93X12Y23Y 5 (p12) Y12 Y23 X 12503
= Y23Y13812Y15(p12) Y12 X12Y15823
= Na3Y13[7(p)],, Y1523 = Y12 223 [7(p)],,X23 Y75
=Yi2[7(p)] ;Y12 = (65 @ 1da)7(p).

For convenience, we let B = A°P and 65 = AP, The first equality is by applying
the definitions given above, and in the third equality, we used the fact that Y is
multiplicative (1 €. Y12Y13}/23 = }/23Y12 is equivalent to Yli’,}/l*Q = }/23Y1*2}/2*3)

A similar computation will verify the other condition, thereby giving us the
proof that 7 is an inversion on (A, AP) and (AP, AcoP), O

Remark. This is actually re-writing the proof of Theorem 8.17 in [1]. We never-
theless chose to carry out the explicit computation here (instead of just referring),
so that we can have a more tangible description of the twisted comultiplication
below (following the corollary).

Corollary 4.3. On A® A°P, we have a coassociative comultiplication 6, defined
by
8- = (ida ®T @ id o ) (AP @ AP),

Moreover, for p € A ® AP, we have: 0-(p) = Vip®1® 1)V*, where V =
Z19X13212Y24 15 as defined in Lemma 3.5.

PRrROOF. The first part is an immediate consequence of Proposition 4.2. Direct
proof is possible for the second part (using similar method as in the above proof),
but we will instead refer the reader to the proof of Lemma 8.9 in [1]. O
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We are now ready to give a more specific description of the “twisted” comul-
tiplication on Ap.

Proposition 4.4. Fory e 71;, we have:
Ap(y) = (Z® 2)[6:(Z*yZ)|(Z* @ Z*).

PRrROOF. Write y = ZpZ*, for p € A® AP, [Note that for any y € ZE = A® A°P,
we have: Z*yZ € A® A°P.] Then:

Ap(y) =Voly® 1@ D)Vp* = Vp(ZpZ* @ 1 1)Vp*
=(ZZ)WV(Z*RZ")ZpZ* @1 1|(Z Z)V(Z*® Z")
=(ZZ)Vpelel)V(Z e Z¥)
= (Z02)[6,(0)](Z* @ 2*) = (Z® Z)[6(Z*yZ)|(Z* ® Z7).

The third equality uses Lemma 3.3 (See also the proof of the Corollary 3.4, where

it is noted that Vp = (Z ® Z)V(Z* ® Z*).). The next to last equality follows
from the Corollary 4.3 above. O

Proposition 4.5. We have the following C*-bialgebra isomorphisms:
(Ap,Ap) = (A® A®.5,),  where 6, = (id ®7 @ id) (AP @ A®P),
>~ (AP @ A, 6,), where 6, = (id®@7 ®1id)(A @ A).

Here 7: A® A°P — A°P @ A is as above, and 7' : A @ A — A @ A°P is defined
by 7' (q) = XZ*qZ%, which is also an inversion.

PRrROOF. The first isomorphism follows from Proposition 4.4, given by the map
Ap 3y — Z*yZ € A® A°P. The second isomorphism is given by the map
A® A% 3 p— (S®S)(p) € AP ® A (Recall that in our case, the antipodes S
and S are both anti-automorphisms. ).

To verify the last description of é,/, let ¢ € A°? ® A. Then:

5(q) =(S®S5285®9)[6-((S®S)(q))]

=(S®S®S®9)[(der®id)(A“P @ A“P)((S® S)( )]
(S®S®S®S)[(1d®¢®1d)(S®S®S®S (A®A)q)]

ide(S® S)r(S® 8) @id) (A @ A)(qg)).
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But for any ¢ € AP ® A, we have:

(S®8)r(S®8)(q) = (S®S)r((J®J)g*(J @ J))
=(S®8)[2Z((Jo J)g'(J®J)Zx]
=(JeN)[EZ((JeJ)g'(Je )2 (JeJ)
=2(JeNZ(J@J)q(J o )2 (JoJ)E =S2*¢Z% = 7'(q).

The next to last equality uses Lemma 3.11. By this, we have shown the second
isomorphism. ([

Remark. Note that we may also regard 7/ as an inversion on (A, A) and (A°P, A)
[The definition given in the above proposition is still valid.]. Then we will have:
7' = x771x, where y is the flip. In this setting, the comultiplication &,/ is
equivalent to the co-opposite comultiplication 6P, in the sense that for any

p € A® A, we have:
(4.1) (2" ® 2*)[6:1(ZpZ")](Z ® Z) = 6P (p) = X7 25(6-(p))-

This may be shown by direct computation (which we do not carry out here),
but it is really a consequence of our working with the Kac systems [1]. Then by
definition of Ap, it follows from equation (4.1) that:

——cop

Ap (y) =(Z@2)[07P(ZyZ) (2" @ Z7) = 6+(y),
giving us a very tidy description of Z;COP =0,

Propositions 4.4 and 4.5 provide us a specific description of the comultiplication
on Z;, and we see that Z; is equivalent to a certain “twisted” tensor product
comultiplication. Now, let us look for the antipodal map on (Z;, Z;) As the
general theory suggests and similar to the cases of S, S, and Sp (see [1], [27], [18],
[21], as well as [12], [11], and the paragraph following Proposition 3.12 above), we
wish to consider the following map:

(4.2)  Sp:(Q®ideid)(Vp) — (Q®id®id)(Vp*), Qe B(H®H)..
But note that by Lemma 3.3 (3),
V™ = (Z12Y24 275, X13)" = (Z12234 219 X13212Y24 23, Z75)"
= 212734Y51 213X 13234 = Z34(Z12Y21 215 X13) Z3..-
Therefore, the equation (4.2) can be written as:

Sp: (Q®1d@1d)(Z12Ya1 25 X1s) — Z[(Q @ id ®id)(Z12Y5 21, X )] Z*.
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Remembering the characterizations of S : (w ® id)(X) — (w ®id)(X*) and S :
(W @id)(Y) — (v ®1d)(Y™), the new expression suggests that

Sp:a@b— Z(S(a) @ 5(b))Z*,  ac Abe AP

Having this result as a motivation, we treat this more precisely in the following
proposition.
Proposition 4.6. Let Jp be defined by Jp == Z(J ® J) € B(H ® H). By
Lemma 3.11, we have: Jp = Z(J @ J) = (J @ J)Z*, and it follows that Jp is
involutive. We then define Sp : Ap — Ap by

Sp(y) == Jpy*Jp = Z(J @ J)yy*(J © J)Z* = (J & N Z*y* Z(J © J).
Then S/’; defines the “antipode” on Z;.

PRrROOF. Note first that the definition given in the proposition is same as the one
suggested in the previous paragraph:

Sp(y) = Jpy"Jp =Z(J @ Ny (J & J)Z* = Z((S® S)(y)) Z".

In the last equality, we used the definitions of the maps S and S as given in
Section 2.

From its definition, it is immediate that Sp is an anti-automorphism on Ap,
satisfying: Sp (SD(y)*)* =y, for y € Ap. Next, let us also prove:

— — —_ ——cop , —~ - — —~

(4.3) (Sp ®Sp)(Ap(y)) =Ap  (Sp(y)) = x125[Ap(Sp ()]
For this, let us consider without loss of generality y = ZpZ* = Z(a ® b)Z*,
where, a € A and b € A°?. Then by the remark following Proposition 4.5, the
right hand side of equation (4.3) can be realized as being equal to d-/(Sp(y)) =
6 ((S® S) (p)). Meanwhile, the left hand side can be written as follows:

(S0 ® 5p) (Bp(y))
=(JeJoJo)(Z 0z Ay ](Ze2)(JeoTe e
=(JeJeJo)|65m)](Jelelo)=(S®5285®S8)[d (a2 b))
=(S®S®S®9)[(dar@id)(A%Pa @ A“P)]

=(ider ®id)[(S® S ® S ® 5)(A“Pa @ A“Ph)]

— ([der ®id)[A(S(a)) @ A(5(1))] = 6+ (S(a) @ S(b)) = 6.+ ((S @ 9)(p)).

In this way, we verify the equation (4.3). Note that in the second equality above,
we used the characterization of Ap given in Proposition 4.4. In the fifth equality,
we used the result: (S ® S)[r(p)] = 7'[(S ® S)(p)], which earlier appeared in
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the proof of Proposition 4.5. The sixth equality is using the properties of the
antipode maps S and S. O

As in the case of (Ap, Ap) and its antipode Sp, the properties of the antipodal
map Sp noted above (including Sy = Id) manifests that (ZE,Z;) is again a
Kac C*-algebra (with the existence of its Haar weight, to be given below).

5. HAAR WEIGHT

To show that the quantum double (Ap, Ap) and its dual (Z;, Z;) constructed
above are indeed locally compact quantum groups, we need a discussion on their
Haar weights. These Haar weights will be described in terms of the Haar weights
on (4,A) and (A, A), which we recall below:

Lemma 5.1. On A, define a linear functional ¢ by

p(a) = /a(0,0,T) dr.

It can be extended to a faithful, lower semi-continuous, tracial weight (still denoted
by ©) on the C*-algebra A. The weight ¢ satisfies the “left invariance property”:
For any a € Ay such that ¢(a) < oo, and for w € A%, we have:

go((w ® id)(Aa)) = w(l)p(a).

Lemma 5.2. On A, define a linear functional ¢ by

o(b) = /b(m,y,O) dzdy.

It can be extended to a faithful, lower semi-continuous, KMS weight (still de-
noted by @) on the C*-algebra A. The weight ¢ also satisfies the “left invariance

*

property”: For any b € /Lr such that ¢(b) < 0o, and for w € /1_,_, we have:
¢ ((w ®id)(Ab)) = w(1)$(b).
Moreover, we have the following (unimodular) property: ¢ o S = Q.

Remark. In both cases above, w(1) = |lw||. These results are described in [12]
(Section 3) and in [11] (Section 2), respectively. In particular, the left invariance
properties are proved in Theorem 3.9 of [12] and in Theorem 2.11 of [11]. The
invariance properties written above are in a weak form, but the general theory
assures us that they are actually sufficient (See [18], and see also Section 1 of
[12].). Note finally that ¢ is invariant under S (so (A, A) is unimodular), while
it is not the case for ¢ and S.
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The invariance properties stay the same when we consider instead (A°P,A)
and (A4°P; A). On the other hand, see the following corollary for the cases having
co-opposite comultiplications.

Corollary 5.3. Since the antipode S : A — A satisfies (S ® S)A = AP o S, it
follows from Lemma 5.1 that p o S is left invariant for A°P. That is,

(o 8)((w@id)(A™Pa)) = w(l)p(S(a)).

Similarly, from Lemma 5.2 and by using the property of the antipode S , we see
that ¢ is left invariant for A°P. That is,

¢((w ®id)(APb)) = (¢ 0 §)((w ®1d)(APh)) = w(1)p(S (b)) = w(1)P(b).

PROOF. The verification is straightforward. In the second case, we are using the
fact that ¢ is invariant under S. O

Let us begin our discussion by considering the Haar weight on (Z;, E), whose
definition is given below. [There is actually a simpler characterization for @p, as
can be found in Corollary 5.6 below. But our choice of the definition has been
made so that the proofs of the later propositions are a little simpler.]

Definition 5. Let ¢p be the faithful, lower semi-continuous weight on Z;, de-
fined by

p(y) = ((poS) ® @) (Z*yZ).

Since ¢ o S and ¢ are densely defined weights on the C*-algebras A and Acp,
and since they are both faithful and lower semi-continuous (i. e. they are “proper”
weights), we can define their tensor product (¢ o S) ® ¢. See Definition 1.27 of
[18]. Therefore, ¢p is a proper weight on the C*-algebra ZE. See the following
lemma.

Lemma 5.4. For arbitrary proper weights ¢ and ¢ on C*-algebras A and B,
consider the tensor product weight @1 on A®B. Then the set M, ONy (€ Nyugy)
forms a core for the GNS map A,z -

Remark. For a more systematic discussion on tensor product weights, see Sec-
tion 1.6 and Appendix of [18]. The result of this lemma actually goes back to
Haagerup’s density theorem [8]: Adapted to our case, if X € M, gy, there exists a
sequence {X,} in N, © Ny, such that: lim, o Apgy(Xn) = Apgy(X). Because
of this density result, pretty much all the properties of a tensor product weight
@ ®1 can be obtained by just working with the elements from the algebraic tensor
product 91, © MNy.
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The weight ©p is shown to be left invariant for (Z;, E), and is also S/’;—
invariant (i.e. unimodular). See Proposition 5.5 and Theorem 5.7 below.

Proposition 5.5. The weight ¢p is Sp-invariant: 3p = @p o Sp.

PRrOOF. Let y € ZE be such that y = Z(L; ® A\y)Z*, where f € Aand ¢ € A.
Since such elements are dense in Ap (and form a core for @p), our proof will be
achieved if we just verify that p(y) = (&b o Sp)(¥).

By definition, we can see easily that:

¢o(y) = (90 8) ®¢)(Z7yZ) = (v o S)(Ly)$(Ag)

— </(ew)"f(0,o,—r) dr) (/ o(x,y,0) dxdy)

= [ 50,0.1)0(2.5.0) dadyar
Meanwhile, by Proposition 4.6, we know that Sg(y) = S(L#)S(Ag). Therefore,

&5 (Sp(y)) = (0 S) ® @) (Z°S(Ly)S(Ns)2).

To compute this (so that we can compare the result with @5 (y) obtained above),

let us begin by finding a suitable realization of Z*S(L;)S(A\y)Z. Let E € HQH

and compute:
Z*S(Li)S(Ng) ZE(x,y, 2,y ")
= /(efAT)né[nA(T)ﬁ(x — e ey )] e[ma(r)B(eM Ml y — e Ny)]
S(F)(@,5,7)5(9) (e a!, Ay ! — F)
B(E,y+ N Ny — ey — )]
BN ATl Ly 4 N Ayl XAy ]
() e[na (r)B(z + P s USRS LS Y e )]
a4 My — 7 — NN g+ NN — = NTNY pdd | F) didgdE
= /F(f, gyl ANy F = r)e[n(r)B(E,y — §))é(x — &,y — g,y ) didydr

= (L 0 )‘)Fg(xuyar;xluy/7rl)7
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where F' is defined by
F(z,g,m a2y, 7) = () f(=eME — e Mo + 2/, =g — e Ny 4/, —1)
E[mA(r)B(E + e N ATyl — e Arg! e ATAry)
elm(=r)Be e, ey ) ]e[na(r)Ble 2’ )]
[1a(r)B(&, §)] (e~ N —Aa! | —e=N=Ary/ 7).

The expression for F is obtained by remembering the definitions of S(f) and S(¢)
given in Section 2, and by using the change of variables. In this way, we obtained
the following realization:

Z*S(L§)S(Ng)Z = (L & \) .

This means that:

75 (Sp()) = ((po S) ® §)(F) = / (e"P")"F(0,0,7;2,y/, 0) da’ dy' drr
:/f(0,0, —T)(b(—e*Mx’,—e*)‘Ty’,O) dx’dy’ dr
- / £(0,0,7)6(z’ o/, 0) (2" da’dy/ dr.

Combining the results, we see that ¢p (§B(y)) = ¢p(y), proving our assertion.
O

Corollary 5.6. For anya € A and b € AOP, we have:
((peS)®¢) (2 (awb)Z) = p(a)p(5(b) = (a)p(b).

In particular, for any p € Ap, we have: op(p) = (p®@P)(p). [This is the simpler
characterization of op mentioned earlier.]

Proor. Consider y = Z(S(a) ®S’(b)) Z*. Then by Proposition 4.6, we know that
S/’;(y) =5(S(a)) ® S’(S’(b)) =a®b. Tt follows that:
70 (Sp(®) = (v o 8) @ ¢)(Z*(a @ b)Z).

On the other hand, by definition of »p and by using the unimodularity of ¢, we
have:

?p(y) = (90 8) ® §)(S(a) ® S(b) = p(a)$(5(b)) = @(a)B(D).

Since we should have ¢p (S/’B(y)) = @p(y) by Proposition 5.5, the first statement
follows. The second statement is an immediate consequence. O
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Theorem 5.7. For any positive element y € ZE such that ¢p(y) < oo, and for
—
Qe Ap,, we have:

#p((Q®id®id)(Ap(y))) = Q1)FD(Y)-

PROOF. For convenience, let us write B = A°P. Consider y = Z(a ® b)Z*, where
a€ Ay, (poS)(a) <occandb e By, p(b) < co. Assume also that 2 has the form
1 = w; ® we, for some wy € A% and wy € B} . Then:

(Q@idoid)(Ap))
= (w1 ® w2 ®1d ®id) ((Z12Z34) [S23Z23(APa @ A°°Pb) Z35503| (Z12Z34)")
= (W1 ® U ® id @ id) (Z34323 Za3(APa @ APb) 73,593 73,),
where w1, W are defined such that (w1 ® W2)(-) == (w1 @ w2)(Z - Z7).
But by Lemma 3.1, and by using AP =Y (b ® 1)Y™*, we have:
Z34%03Z23(APa @ APb) 23,593 75,
= Y3103 V55[(id ® id @ A®P) (A°Pa @ b)| Ya3 X035 Y34
= 303Y5, Yo V34 (APa @ b ® 1)Y5,Y23Y24 303
= Do3Y34 Y55 (APa @ b ® 1)Ya3Y5, 03
= Y3 [(id ® id @ AP ) (Y5 (APa @ b) Ya3)] Los.
We are using the multiplicativity of Y (i.e. YagY24Y34 = Y34Y523) in the third

equality. Therefore, by using the definition of ¢p given in Definition 5 and in
Corollary 5.6, we have:

#p((Q®id@id)(Ap(y) = (¢ ®¢)((2@id®id)(Ap(y)))
= (p® @) (w1 ®id @ @ id) [(id ® id ®AP)(Yz5(APa ® b)Ya3)]).
Further computation shows the following:

70 ((Q2®id@id)(Ap(y))) = wa(1)(p ® ¢) (w1 ®id) [Y53(A™Pa ® b)Yas))
G2(1)((po8) @ @) ((wr @id)[A*Pa @ b])
w2 (1)w (1) (g 0 S)(a)p(b)
w2(L)w1(1)@p(y) = Q1)@ (y)-

Notice that the first and third equalities above use the left invariance properties
of ¢ and (¢ o S) (See Corollary 5.3.). However, some care has to be given (using
Lemma 5.4), if we want them to be perfectly valid. We will not go into the details
here (to avoid our discussion from becoming too technical and lengthy), but for
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instance, we may follow the discussion similar to the proof of Lemma 3.5 and
Corollary 3.6 of [28]. Meanwhile, the second equality is due to Lemma 3.1 and
Corollary 5.6. Fourth and fifth equalities follow from the observation that

W1 (1)wa(l) = (W1 @w2)(1 @ 1) = (w1 @ws)(Z(1®1)Z*)
= (wl ® w2)(1 & 1) = Q(l)

So far we proved the case when y = Z(a®b)Z* and Q = w; ®ws. Extending the
proof for general y € Ap, and Q € Ap_ is not necessarily trivial. Nevertheless,

we will again invoke Lemma 5.4 here and refer the reader instead to the papers
mentioned above (See [28], [18].). O

Theorem 5.7 establishes the proof that @p is a legitimate (invariant) Haar
weight. By general theory [18], it is therefore the unique (up to multiplication
by a scalar) Haar weight for (Z;, Z;) In our case, we note that even if (A, A)
was non-unimodular, 5 is actually unimodular for (Z;, Z;) (Proposition 5.5).
Since this is the case, we do not need any further discussion on the “modular
function”. Summarizing the results so far, we now state the following theorem:

Theorem 5.8. The C*-bialgebra (Z;, Z;), together with its additional structure
maps including the antipode 5/'15 and the (unimodular) Haar weight pp, is a C*-
algebraic locally compact quantum group, in the sense of Kustermans and Vaes
(or of Masuda, Nakagami, and Woronowicz).

As we have made our case throughout Section 4 and Section 5, we regard
(Z;, Z;) as the dual of the quantum double. Namely, D/(A\)

Let us now look at the case of D(A) = (Ap,Ap). Since it is the dual object
of (Z;, Z;) associated with the multiplicative unitary operator Vp, and since
(ZE, Z;) is a legitimate locally compact quantum group (Theorem 5.7), we con-
clude immediately from general theory [18], [27], [21] that it is also a C*-algebraic
locally compact quantum group. This achieves our stated goal.

For the remainder of this section, we will just give an explicit description of
the Haar weight ¢p of (Ap,Ap), whose existence (and uniqueness up to mul-
tiplication by a scalar) is assured from the above observation. The subalgebra
A® AC Ap forms a core for the Haar weight.

Proposition 5.9. For II(b ® a) = ©'(A\y)n(Ls) € Ap, where b€ A and a € A,
define:

©D (H(b ® a)) = p(\p)p(Lg) = /(b ® a)(z,y,0;0,0,7") dedydr’.
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This defines a linear functional on A® A. Then we have:
¢p (¢ @ ) (b ®a)) = ¢(As"Ap)@(Ly" La),
forb,¢ € A and for a, f € A. Furthermore, we have:
Q@ ep)(ApII(b®a))) = Q)ep (b ®a)), Q€ B(H®H)..

This will characterize the Haar weight on (Ap,Ap). In other words, the func-
tional pp extends to a (unique) C*-algebra weight on Ap, which is left invariant.

PROOF. Note that II(¢® f)* II(b®a) = II((¢® f)* x (b®a)), where the involution
and multiplication on A® A are as given in equations (3.3) and (3.1). By a long
but straightforward computation using the equations (3.3) and (3.1), we have:

/((gb@ I x (b a))(x,y,();(),(),r’) dxdydr’

- / 5@,9, )b, v, TG 5 7)al&, §, ) dedjdrdedydr’
=@(bx 40" )(f* xaa) =@M No)p(Ls"La).

It thus follows that: op (I(¢ @ f)*TL(b ® a)) = G(Ae Ao)p(Ls" La).

Using this, we can give A® A a left Hilbert algebra structure. Moreover, we
can show without difficulty that the GNS Hilbert space for pp is H ® H, while
the GNS representation is II. Following a standard procedure (see [5], and also
[12], [11]), we can define a C*-algebra weight on Ap extending the functional ¢p
(The extended weight will be still denoted by ¢ p.).

Meanwhile, at least at the level of the (dense) subalgebra A® A, the verification
of the left invariance of ¢p is not very difficult. Note that by Proposition 3.9, we
can write:

(Q®id®id)(Ap(d®a)) =Y (2@id@id) (T ) (b1 @ am) @ be) @ ag))
= D[ (b)) m(aq)) (7' (b)) (o) ],

where we are using Sweedler’s notation for Ab and Aa. And, for convenience, we
regard b = A\ and a = L,. Then:

(Q®ep)(Ap(Ilb®a))) = D [ (bay)w(any)) e (v (ba)m(a))]
=Y 12(bwy ® 1 Z(A® a)) Z) ¢(bez) ) elag)] -

Without loss of generality, assume that Q = Q¢ ,, for {,7 € H ® H (following
the standard notation, as appeared in the proof of Proposition 4.1). Then the
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expression becomes:

Q@ p)(Ap(I(b@a)) =Y [((ba) @ DZA®aw)Z*¢n)¢(be)elace)]

= / Z [(b(l) ® 1)Z(1 ® a(l))Z*g(xa Y, xla yla 7“/)77(157 Yy, r; xlu ylu rl)
b(2)(Z,9,0)a) (0,0, F)] dxdydrdz’ dy' dr’ dzdjdr.

We can compute this using the formulas we obtained in Section 2 for b1y = A(b(1))
and a1y = L(a(y)), as well as the operator Z (obtained in Section 3). Next, note
that Ab = >Iba) ® b(2)] and that Aa = > [a) ® a(z)], where we can use the
equation (2.5) for Ab and the equation (2.2) for Aa. Then, by using change of
variables, the expression becomes:

(Q®¢p)(Ap((b® a)))

B / bz + &,eMy + §,0)a(0,0,' + F)

Ex,y, 2y (g, ry 2’ sy 1) dedydrdx’ dy' dr’ dzdgdr

- / b, 5, 0)a(0, 0, 7)E(w, y, 110!y, (s g Fi o) dedydrde dy' di’ dsdidr
= $()p(a)2%,(1) = 1)pp (I ® a)).

Since we already know the existence of the unique Haar weight from the discus-
sion preceding the proposition, this invariance property at the dense subalgebra
level is enough to assure us that ¢p is indeed the legitimate Haar weight for
(Ap,Ap). O

Summarizing the results from Section 3 and the discussion on the Haar weight
given here, we conclude the following:

Theorem 5.10. The C*-bialgebra (Ap, Ap), together with the Haar weight ¢p,
is a C*-algebraic locally compact quantum group. It is the (C*-algebraic) “quan-

tum double”: D(A) = A% x A.

Remark. Unlike in the case of (Z;, Z;) and its Haar weight @p, we can show
easily that ¢p is non-unimodular: That is, ¢p o Sp # ¢p. The same modular
function operator for (A, A) (see Section 5 of [12]) will work as the modular
function for (Ap, Ap).
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6. QUANTUM UNIVERSAL R-MATRIX

Just as in the case of the purely algebraic framework, our quantum dou-
ble (Ap,Ap) is also equipped with a (quasi-triangular) “quantum universal R-
matrix” type operator. The definition of a quantum R-matrix in the C*-algebra
framework is essentially same as in the more usual, Hopf algebra or QUE algebra
setting (See [7], [4], [20], for the usual definition; And see Section 6 of [9], for the
definition in the C*-algebra setting.).

In this section, we will give a brief construction of a certain unitary operator
R € M(Ap® Ap), which will be considered as the “quantum universal R-matrix”
for the quantum group (Ap,Ap). Let us begin with a lemma, which actually
follows from Lemma 3.3. The proof is adapted from Section 8 of [1].

Lemma 6.1. Let the notations be as before, and let X, Y, and Z be the operators
defined earlier. Then we have:

(1) Z33X14Z12Y05Yas = YasYos 235 X 14212

(2) Z3aX14Z5,X15X35 = X35 X15Z34X1425,

ProOOF. Recall from Lemma 3.3 (3) that: Zg4Zf2X13Z12}/24 = }/24Zik2X13212Z34.
It follows that: Z7,X13212Y2425, = Z3,Y24275,X13Z12. Remembering that X €

M(A® @ A), Y € M(A® A°), and that Z = YY*, where Y € M(A® @ A),

this becomes: Zf2X13212}/24}/34 = }/34}/24Zi‘2X13212. (The pOiIlt is that }/}34
commutes with all the operators in the equation.) Certainly, this is equivalent to:
Zf2X14212}/25}/45 = Y45}/25Zf2X14212, obtaining (1)

For (2), recall first that X = 3Y*X. Then (1) above can be re-written as:
Zf2X14212X§2Xg4 = Xg4X§2Zf2X14212. It follows that: X52X54ZT2X14212 =
Zf2X14212X54X52. So we have: 212X52X54ZT2X14 = X14212X54X52ZT2, which
is same as: 212X5QZ:T2X54X14 = X14X54Z12X52Z1‘2. But this is actually equiva—
lent to (2) [Legs 1,2,4,5 are now considered as legs 3,4,5,1.]: Z34X14Z5,X15X35 =
X35 X15234X1473,- O

We are now ready to give the description of our “quantum R-matrix” operator
R. Again, the definition is a slight modification of the one considered in Section 8
of [1].

Proposition 6.2. Let R = Z34X1423,. The following properties hold.

(1) Re M(Ap ® Ap).
(2) We have: (AD & ld)(R) = Ri13Ra3 and (ld ®AD)(R) = Ri13R12.
(3) For any x € Ap, we have: R(Ap(z))R* = APP(z).
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(4) The operator R satisfies the “quantum Yang—Bazter equation”:
R12R13R23 = Ra3R13R12.

In (2) and (4) above, we are viewing R as an operator in B(H@H) @ (HQH)).

PROOF. (1) Recall that X € M(A° ® A). So by naturally extending the C*-
algebra homomorphisms 7’ and 7 defined in Proposition 3.5 and Corollary 3.6,
we can see that: R = Z34 X475, = (7' @ m)(X) € M(Ap ® Ap).

(2) By using the characterization of R given above, we have:

(Ap ®id)(R) = (Ap ®id) (7' @ 7)(X)) = (' @ ' @ 7) (A ® id)(X))
= (7TI 7 ® W)(XTQX23X12) = (7TI Q1 ® 7T)(X13X23)
= [(ﬂ'/ X 7TI [ W)(Xlg)} [(ﬂ'/ X 7TI [ 7T)(X23)} = R13R23.

The second equality is due to Ap on’ = (7' @ 7') o A, which was observed in
Corollary 3.10. Third equality is using the fact that Ab= X* (Ieb)X, forb e Acp,
while the next equality is the multiplicativity of X. The next to the last equality
is using that 7/ and 7 are *-homomorphisms. Meanwhile, by remembering that
Aa=Y*(1®a)Y, for a € A, and that Y = X X*¥, a similar computation will
give us the other equation: (id ® Ap)(R) = R13R12.

(3) Recall that b = (id®w)(X) € A%, and a = (id®@w')(Y) € A, for w,o’ €
B(H)., and that these operators generate A°P and A, respectively. [This result
follows from Proposition 3.5 (2) of [11] and Section 6 of [12]. It was also noted in
the proof of Proposition 3.5 in the previous section.]

So consider b = (id ®w)(X) and compute. Then:

R[Ap (7'(0))] = R[(7' @ 7')(Ab)] = (Z34X14Z31) [X15(1 @ 1@ b® 1) X13]
(id ©1id ® id ® id ®w)(Z34 X 1425, X 13 X35 X13)

(id®id ®id ® id ®w)(Z34 X 14 Z5, X 15 X35)

(id ®id ® id © id ®w) (X35 X 15 Z34 X 14235,

(id ®id ®id ® id ®w) (X3, X15X31Z34 X 14735,
Yis(b®@1®@1®1)Y{3231X1473,

(7' @ 7')(APB)| R = [Ap™P (' (b))]R.

The first equality is again using Ap o7’ = (7’ @ 7') o A. The fourth and sixth
equalities follow from the multiplicativity of X, while the fifth equality is by
Lemma 6.1 (2). The seventh equality is just using Y = X X*X.
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Next, consider a = (id ®w’)(Y") and compute. Then:

R[Ap(m(a))] = R[(r @ m)(Aa)]

= (Z34X1423,) [ Z34212Y53(1 © 1 @ 1 ® a)Yau 27, Z3,]
(Id®id ®id ® id @w)(Z34 X14Z12Y5y Ya5You 215 Z34)
(1 ®id @ id ® id ®w)(Z34 X 14 Z12Yas Yas 21y Z24)
(id®id ® id ® id ®w)(Z34Z12Y15 Y25 215 X14 212275 Z34)
(1d ®id @ id ® id ®w)(Zsa Z12 Y3y Yas Yar 21y X 1422,
= 734712 X24(1®a @1 ® 1) X5, 279723, 734 X114 75,
= [(mr @ m)(A®Pa)|R = [Ap®P(7(a))|R.

This is done in exactly same way as in the previous case. In particular, the first
equality is using Ap om = (7 @ 7) o A (See Corollary of Proposition 3.9), while
the fifth equality uses Lemma 6.1 (1).

Since Ap is known to be generated by the operators ’(b)w(a), we conclude
from these two results that we have: R[Ap(z)|R* = Ap®P (), for any z € Ap.
[Note that by definition, R is unitary.)

(4) The last statement is an immediate consequence of results (2) and (3):

R12R13R23 =Ri2 [(AD ® ld)(R)] = [(ADCOP & ld)(R)} Ris = R23R13R12.

First equality follows from (2); the second equality is from (3); and the third
equality is from (2) with the legs 1 and 2 interchanged. O

Existence of a quantum R-matrix for a Hopf algebra (or a quantum group) is
quite useful in the development of the representation theory (See, for instance,
[10].). However, we will postpone to a future occasion any further discussion
about the operator R and its applications. Some of these future discussions will
be about the relationship between (Ap, Ap) and its “classical limit”, the double
Poisson-Lie group considered in [10], [13].
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