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What is an Expander Graph?

An expander graph is a sparse graph with high connectivity
properties. Expander graphs have applications in the economical
design of phone and computer networks and in various aspects of
computer science, including complexity theory, coding theory and
cryptography.



Definitions

Given a graph X = (V ,E ) and |V | = n:

I The edge boundary of a set F ( V , ∂F = E (F ,V − F ), is the
set of edges connecting F to V − F .
Note: ∂F = ∂(V − F )

I The expansion parameter, or isoperimetric constant of X ,
denoted h(X ), is defined as:

h(X ) = inf

{
|∂F |

min{|F |, |V − F |}
: F ( V , 0 < |F | < +∞

}
Note: When X is finite, this expression can be reduced to:

h(X ) = min

{
|∂S |
|S |

: 0 < |S | ≤ n

2

}



Families of Expanders

A family of expanders is is a family (Xm)m≥1 of finite, connected
k-regular graphs Xm = (Vm,Em) m ∈ N such that

I |Vm| → +∞ as m→ +∞
I there exists an ε > 0 such that h(Xm) > ε for all m ≥ 1

Example: For all prime p, Vp = Zp and k = 3.
Each vertex x is connected to its neighbors and its inverse
(i.e. x + 1, x − 1, and x−1)



Construction of Expanders

Probabilistic arguments have shown that almost all k-regular
graphs (k ≥ 3) are expanders, but their explicit construction is
difficult. There are methods for constructing some expanders:

I The Gabber-Galil Construction

I Constructions using the Cayley graphs of groups; in particular
PGL(2,Fq).

I The Margulis construction.

I The Zig-Zag product of two expander graphs is also an
expander.



Adjacency Matrix

The adjacency matrix of a graph G is a matrix A = (axy ) indexed
by pairs of vertices x , y ∈ V ,where the entry axy is the number of
edges joining x to y .

By definition, A is symmetric, so it has and orthonormal base
v0, v1, ..., vn−1 with real eigenvalues µ0, µ1, ..., µn−1 such that for
all i , we have Avi = µivi . Without loss of generality, we can sort
the eigenvalues in descending order µ0 ≥ µ1 ≥ ... ≥ µn−1.



Spectrum of a Graph

The spectrum of G is the set of eigenvalues of the adjacency
matrix of G .

The spectrum of a graph contains a lot of information about the
graph. For a k-regular graph:

I µ0 = k

I The graph is connected iff µ0 > µ1

I The graph is bipartite iff µ0 = −µn−1

The spectral gap is the difference between the two largest
eigenvalues; i.e. µ0 − µ1 or k − µ1.



Eigenvalue Bounds

I Theorem (Tamner, Alon and Milman):

k − µ1

2
≤ h(G ) ≤

√
2k(k − µ1)

I Expander Mixing Lemma:
Let λ = max(|µ1|, |µn−1|)
for all S ,T ⊆ V :

||E (S ,T )| − d |S ||T |
n
| ≤ λ

√
|S ||T |



Deterministic Error Amplification for BPP

Suppose we are given a function in BPP. This means we have a
function f : {0, 1}n → {0, 1} and a probabilistic polynomial time
algorithm A that approximates f in the sense that for random
r ∈ {0, 1}m we have:

Prr [A(x , r) 6= f (x)] ≤ 1

4

For t calls to A this uses t ·m coin tosses. We want to reduce
errors, while using a small number of coin tosses.
Let B be an algorithm that uses only m coin tosses: for a d-
regular expander graph G with 2m vertices, v ∈ V (G )

B(x , v) = Majorityu∈Γ(v)A(x , u)



Claim:

Prv [B(x , v) 6= f (x)] ≤ 4

(
λ

d

)2

Proof. Let S be the set of vertices on which B errs, and T be the
set on which A errs.
So, |E (S ,T )| ≥ |S |d2 and |T | ≤ N

4 .

|E (S ,T )| − d |S ||T |
N

≤ λ
√
|S ||T |

d |S |
2
− d |S |

4
≤ λ

√
|S |N

4

d |S |
4
≤ λ

√
|S |N

4

Prv [B(x , v) 6= f (x)] =
|S |
N
≤ 4

(
λ

d

)2
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